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Numerous investigations [1-7], etc. have been devoted to the phenomenon of thermal explosion, mainly to the
steady-state theory: the basic problem consists in determining the critical value of the parameter,” Essentially, the
steady -state theory gives an estimate of the explosion parameters if it is known beforehand that an explosion can take
place. However, this theory can not take into account the effect of very important factors associated with the develop-
ment of the process in time. Only the nonstationary theory can do this.

The nonsteady-state problem was first investigated by O. Todes [4] (see also [2]). In this theory the temperature
at all points of the reaction vessel was assumed to be the same, and only one form of the temperature dependence (ex-
ponential) of the reaction rate was considered.

In the nonsteady -state theory proposed below, just as in [6], the functions ¢(T) (characterizing the reaction rate)
are taken in a very general form (cf. [5]), and the temperature distribution in the space of the reaction vessel is taken
into account, Furthermore, we go on to show how the change of concentration of the reactant in the course of the re-
action may be taken into account, and some qualitative conclusions are drawn relative to the parameters that character-
ize explosives. These parameters can be accurately evaluated by numerical integration of the corresponding equation
for a specific relation ¢ (T).

The exact theory of exothermic chemical reactions must take into account both the change in concentration n(x,t)
and the change in temperature T (x,t) in space and time, where x = { X1, Xy, X3 }. For determining T and n we have
the system

or on

s =’ AT+ (n, T),  Fr=alAn+q(n, T), &

with the appropriate boundary and initial conditions. Here ¢; (n, T) is a function characterizing the heat release, and
@9 (1, T) is the absorption (release) of matter; @, (n, T) = 0 if the concentration falls and @ (n, T) > 0 if it increases
(for example, in the case of a chain reaction).

System (1) is extremely difficult to investigate. We can simplify the problem by assuming the concentration to be
constant ¢y (0, T) = A¢ (T); here X\ is a constantcharacterizing the heat release [3]. Thus, the problem considered
may be written:

ar \
S =@AT +hp(T)  Tlmo=0, Tl=0, @

where I' is the surface bounding the vessel, which occupies the region G. The function ¢(T) > 0 also increases in the
interval [0, + ). Note that if we assume that ¢, (n, T) = N*¢*(n), then Eq. (1) for n can be investigated in exactly
the same way, Thus, problem (2), where n is considered in place of T, describes the development in time of a chain
reaction with a single multiplying substance,

Three possibilities for the development of the reaction with time can be conceived a priori:
A. The temperature at any instant of time and at any point is finite and bounded as t = ,
B. The temperature at any instant and at any point is finite, but increases without limit as t=> « ,

C. There exists a value t = tq, such that as t—>t ,, the temperature increases without limit in a certain part of
the vessel,

Obviously, a reaction of type C corresponds to an explosion. The nature of a type B reaction is considered separate -
ly. Note, however, that as yet the steady-state theory does not distinguish between type B and type C reactions.

We shall consider instead of Eq. (2) the integral equation:

t
T(z,t)=A\at\ Koa, &, t—v)oIT & v)1dt . (3)
1] G

* Note that in [8] an equation slightly different from the equation of the stationary theory was investigated for the
first time for an arbitrary function ¢ (T). In this paper the conditions for the existence of a critical value of the para-

meter of the problem were obtained and corresponding estimates given.

54



where Ko (x, £, t) is the Green function for the region G [9]. We construct the sequence of functions:

t
Ty(x,t) = derS Koz, 5, t—1) @[Ty (E, 1)) dE
;&
(To=0, k=0,1,2.. ). (4

It is easy to show that if Eq. (3) has a solution, then sequence (4) converges as k—> = , and vice versa. Using the
ordinary method of successive approximations, it is easy to show that if the region G is sufficiently small, or X\ is small,
then Eq. (5) has a solution that is bounded over the entire interval of variation of time. This implies that in vessels of
small diameter, and also for small values of A, the reaction is of type A, i.e., in these cases an explosion does not oc-
cur. Taking into account the decrease in concentration only strengthens this statement. This result may also be de-
rived from the steady-state theory.

We shall now consider regions (vessels) of sufficiently large dimensions or large values of A. Itis not difficult to
show that for any M, however large, regions G and G' C G {or a value of X } and a value of t = ty can be chosen such
that the inequalities

t

Marl K@ 8 t—00OE>M  red > (5
0 G’

M\ Kg(z, &, ©)dE > a, tio > M (rEG, 1<t (6)

&
are satisfied.

For fixed values of G and G’ it is possible to fulfil these inequalities by means of a sufficient increase in A. For the
case of large regions, these inequalities can be demonstrated, in view of the fact that the problem of a large region and
a fixed value of X can be reduced, by a change of scale (a change of varlables of the form y = x/1 ), to the problem of
some fixed region and a large value of A (it is easy to see that X increases as 1%y, 1f inequalities (5), (6) are fulfilled
by making X large, then ty can be made very small.

We now have
t.’ t
T, (z, t):k&dtRKG(x,g d§>x§dr§ 2, &, 1) (0)dE> M ©
6 G é
(re G, 1 /1)-

Weputty =ty [1+1/(2)1; thenfort >t , x & G’

t
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If it is assumed that ¢(M)/ ¢ (2) > M, then from ( 8) we obtain

T t>M (G, t>1h).
We put
' 1 1
b=ttt = [+ 5+ i)
By similar reasoning and assuming that ¢( M2)/¢(3) > ME, we obtain
To(z, )y >M? (z=G', t>1t,) etc.

Assuming that



we have

To(z, )>M" GEC1>1) for @M™Y/qgm)>M™1,
(o]
We shall assume that the integral J = S dT [ @(T) is convergent; then the series -
1

1
@ (n)

o1 1 .
1+6-(2—)+q*;—('3’—)+...—{- e

is convergent. We put
1 1 1 |
W=ttt g e bt @

Now it is easy to show, taking M > 1, that Ty (x,t) = e forn — o, t—~t %, and x & G'. This implies that
there exists a value t =t o, such that the solution of equation (4) T(x,t) => o when t =t o, x&G". Thus, if

1Mn_1 Ty
J<oo, RISyt (10)

the latter for all values of n (or beginning with a certain value of n) and beginning with a certain value of M, in a ves-
sel occupying a region G, for which (5) and (6) are fulfilled for the stated value of M, the reaction will be of type C.
Note that the conditions (10) are fulfilled even for the function

¢ (T) ~ TrHe, o (T) ~T (In Ti+e ewc., (> 0).
We shall now show that if the integral J is divergent, then the reaction cannot be of type C.

In fact, assuming for simplicity that the vessel is symmetrical, we find that the temperature will be 2 maximum at
its center, At the point of maximum T, AT < 0; then from (2) we have

T
oT dT aT
T<teD),  gem<d, L0 =\GZm<t

0

ThenJ (T) — « as T~ =, and therefore t — «, Thus, if J is divergent, then for large vessels the reaction cannot
be of type C. For a function ¢ (T) ~ T, ¢ (T)~ T In T, etc., the reaction cannot be of type C. If lim T (M =
= 0 as T->w, then in any case the reaction is of type A.  If lim Tt ¢(T) > 0 as T ~> % (including lim -1 @(T) = =,
T-> ) and J is divergent, then for large vessels or large values of X the reaction is of type B.

According to the steady -state theory, for the case lim T™! ¢(T) > 0 as T->w in vessels of large dimensions(or for
large values of X ) an explosion must occur irrespective of the convergence or divergence of the integral J.

This difference is very important, Only in the case of a type C reaction can we naturally introduce the concept of
an induction period and an explosion period [3, §]. The term induction period may be applied to the interval during
which the system heats up relatively slowly. The term explosion period may be applied to the interval during which the
temperature increases very rapidly up to enormous values. A value t, can be chosen somewhat conditionally for the in-
duction period, and for the explosion period a value

1 1
I R e A o

the value of n being determined by the actual conditions of the problem.

It is important to note that the induction period is determined by ty and by the rate of increase of the function ¢ (T)
at small T. As mentioned above, if X is large, then t; is small and the induction period is small. Even if X is small,
an explosion can be ensured by increasing the dimensions of the vessel, but in this case t; is large, and the induction
period may prove to be large. Thus, for a small heat release in a large vessel, an explosion may occur if the induction
period is large (see [10}, p. 201 ). It is possible that such processes actually occur: for example, development of a
benign tumor into a malignant tumor [concentration interpretation of equation (2)].

The explosion period is determined from the expression

1 1
e ID Tomry T T
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i.e., by the rate of increase of the function ¢ (T) at large values of T.

In the case of a type B reaction we cannot naturally introduce the above -mentioned periods characteristic of the ex-
plosion process, which gives us reason to suppose that only reactions of type C should be considered explosive. As men-
tioned above, steady-state theory does not distinguish between reactions of types B and C.

Below we consider the variation in the concentration n of an explosive in accordance with Egs. (1), However, it
is already worth drawing attention to the importance of the behavior of the function ¢ (T) at small and large values of
T in connection with the study of explosions. If ¢ (T) increases rapidly at small values of T, then the substance may
react completely during the induction period. If ¢ (T) does not increase rapidly enough at large values of T, then there
will not be the sharp rise in temperature in a very short period of time characteristic of an explosion.

As mentioned above, the study of chain explesions is linked with the investigation of a problem of the form (2), in
which the unknown function is the concentration. It is usual to consider the case in which ¢(n) is a linear function [11,
121, etc. One of the chief problems is to find the critical size of the reactor. The corresponding result can be fomula-
ted as follows: at supercritical reactor dimensions the reaction develops with time according to the law exp(kt) (k > 0),
i.e., according totypeB. Thus, the linear theory does not permit the introduction of the concept of an induction
and an explosion period needed to characterize the explosive nature of the process. It is natural to suppose that
in studying a chain (neutron) explosion the function ¢(n) should be assumed to satisfy conditions (10) and the above
results applied. The actual form of the function ¢(n) is determined by the nature of the process.

We shall now attempt to take into account the effect of the change in concentration in the course of the reaction.
For this purpose we shall consider system (1), neglecting diffusion (it can be assumed that if the concentration decreases
the diffusion is insignificant ),

With these assumptions, and taking a first-order reaction, we obtain

%;::a?AT—!—?»ncp (y, %n?:qu)(T)n (1D

Tlt=o=0, Tll“:(), nlt:o—_—no .

From the second equation we have
t

n:noexp(——vgcp(’l’)dt)

=]

and, substituting in the first,

~

O _ AT -+ Ang [exp (——v

. 9(T)dt]g(T) (12)

=X3

Tl =0, Tlg=0.

This problem can be solved numerically..

Without going into a detailed investigation of Eq. (12), let us dwell, at the "physical” level, on certain properties
of its solutions, using the results obtained above, As a first step in adapting the theory to the actual explosion process,
we shall assume that in the second equation of the system the value of ¢(T) is constant and equal to ¢ (0); then n= ng
exp (v ¢ (O)t); we substitute the value of n in the first of equations (11}

0T, _ o2AT -+ Angexp (—vg (0) £) ¢ (T)

Jt
Tl_=0, Th=0.
Hence it follows that with small initial concentrations no explosion occurs. Nor will an explosion occur if v is

large. If, however, the concentration is sufficiently large and v is small, in a large vessel an explosion will occur,
since the product X ny exp(—v¢(0)t) up to a certain moment, sufficient for a powerful increase in temperature, will

be large (it is sufficient for this, for example, that g exp[-V¢(0)te] = 1, where te is obtained from the theory with-
out allowance for the fall in concentration).

In another extreme case the temperature T can be postulated as the parameter in the second of equations (11), then
n = ngexp [—vp(T) ¢]
2L — AT + hngexp [—vo (T) 19 (T)
Tlm=0, Tlr=0.
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Similar reasoning can be followed. Very small values of v are necessary for an explosion. The difference from the
previous case consists in that the temperature cannot tend to infinity, but reaches a maximum and then falls to zero.
'The last equation more accurately describes the development of the real process. If the solution of this equation has a
sharp and large maximum, then an explosion will actually take place. The solution of system (11) is, in a certain sense,
intermediate between these extremes.
In considering problem (12), note that at small values of ny no explosion occurs, This follows from the results ob-
t

tained above (the product Az =Ano exp [— v S @ (7') dtlis small). It is obvious that even at large values of v no
0
explosion will occur.

Thus, we get the known [3] property of an explosive — the reaction rate must be very small at low temperatures,

Above we obtained the characteristic properties of explosives: large heat release, slow increase of the function
@(T)atsmallvaluesof T, very rapid increase at high values of T, low value of the number v. This is confirmed by the
experimental data [5]. It is worth noting that for explosives the ratio X\ /v must be large.

Finally, note that by combining different behaviors of ¢(T), different values of \ , and different values of v it is
possible to describe different types of exothermic processes.

In conclusion, the authors wish to express their sincere thanks to S. F. Fal'kovich for discussing this paper.
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